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ABSTRACT 



^ \ We study a class of non-protected local composite operators which occur in the R 

5^ \ symmetry singlet channel of the OPE of two stress-tensor multiplets in A/" = 4 SYM. 

At tree level these are quadrilinear scalar dimension four operators, two single-traces 
and two double-traces. In the presence of interaction, due to a non-trivial mixing under 
renormalization, they split into linear combinations of conformally covariant operators. 
We resolve the mixing by computing the one-loop two-point functions of all the operators 
in an A/" = 1 setup, then diagonalizing the anomalous dimension matrix and identifying 
the quasiprimary operators. We find one operator whose anomalous dimension is negative 
and suppressed by a factor of with respect to the anomalous dimensions of the 

Konishi-like operators. We reveal the mechanism responsible for this suppression and 
argue that it works at every order in perturbation theory. In the context of the AdS / CFT 
correspondence such an operator should be dual to a multiparticle supergravity state 
whose energy is less than the sum of the corresponding individual single-particle states. 
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1 Introduction 



One of the fundamental ideas driving much of the progress in theoretical high energy 
physics over the past decades is the perceived deep relation between gauge fields and 
strings. Perhaps the most concrete realization of this idea is the AdS/CFT correspondence 
[1-3] that conjectures a duality between, for example, type IIB string theory on AdS5xS^ 
and J\f — 4 SU{N) super Yang-Mills in four dimensions. A lot of evidence for this 
conjecture has been accumulated during the past few years (for an exhaustive list of 
references, see e.g. [4,5]). 

A large part of the tests for the vahdity of the AdS/CFT correspondence are based 
on the comparison of perturbative (weak coupling) calculations in Af = 4 SYM to results 
obtained from AdSs x supergravity, the latter supposedly describing the theory at 
strong t'Hooft coupling A = gy / i'^'^'^) 

It is natural to start by studying quantities having the simplest possible behavior at 
weak and strong coupling. These include, for instance, two- and three-point correlation 
functions of chiral primary operators (CPOs), n-point correlators of the "extremal" and 
"near-extremal" type, as well as conformal and R-current anomalies. These quantities are 
essentially related to BPS states (short, or protected operators) in either the gauge or the 
supergravity/string sectors, and therefore they render only a part of the correspondence 
between gauge theories and strings. 

If we would like to go further and use the AdS / CFT duality to better understand the 
relation between gauge and string theories, we should consider non-protected quantities, 
non-BPS operators in particular. In string theory there is a clear distinction between 
supergravity (light) and string (heavy) modes. From this point of view non-BPS operators 
are naturally interpreted as falling into two different classes: operators from the first class 
are dual to "gravity multiparticle states"^, while operators from the second class are dual 
to "string single/multiparticle states". To which class a concrete operator belongs can be 
decided by looking at the behavior of its scaling dimension at strong coupling since the 
latter is related by duality to the mass of the corresponding particle. This is a nice picture 
but hardly operational because of our present inability to compute scaling dimensions of 
non-protected operators at strong coupling by QFT methods. It is therefore of certain 
interest to see if one can classify non-BPS operators by their different weak- coupling 
behaviour and make contact with their string theory interpretation. 

In the present work we focus on a small but controllable part of the non-protected 
sector of operators of jV = 4 SYM. These are superconformal primaries that appear in the 
OPE of two CPOs with dimension two in the [0, 2, 0] representation of the SU{4) ~ SO{&) 

^Strictly speaking, such calculations test the weak version of the AdS/CFT correspondence that 
conjectures a duality between the large N ^ large-t'Hooft coupling limit of A/" = 4 SYM and the SUGRA 
limit of IIB string theory on AdSsxS^. Recently there have been very interesting attempts to include 
massive strings modes of IIB theory in such tests [6, 7]. 

^Multiparticle supergravity states constitute a wide class including, e.g., states dual to 1/4 BPS 
operators of the gauge theory. 
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R symmetry group (the lowest components of the stress-tensor multiplet). It has been 
shown [8, 9] that non-protected superconformal primaries appear only in the singlet chan- 
nel of that OPE. In free field theory, this infinite set of non-protected operators naturally 
breaks into two classes. One of them, which we call the K-class, consists of operators 
which are bilinear single-traces in the elementary scalar fields while the other, the 0-class, 
consists of operators that are quadrilinear double-traces. An important property of the 
operators in the i^'-class is that their canonical dimensions saturate the unitarity bound 
[10-12], i.e., they are twist-two operators, and in free field theory they are conserved ten- 
sors (except the scalar X-class operators) [13, 14]. The operators in the 0-class, instead, 
do not obey any conservation condition in free field theory and their canonical dimensions 
are above the unitarity bound, i.e., they are higher-twist operators. 

It is one of the important features of AdS/CFT that the operators in the above two 
classes are clearly distinguished by the large N strong coupling dynamics of the A/" = 4 
SYM. Namely, the operators in the A'-class should acquire large anomalous dimensions in 
the A — s> oo limit and, as a consequence, they decouple in the supergravity regime. This is 
thought to be a manifestation of the fact that the A'-class operators are dual to massive 
string modes [2] . On the other hand, in what appears to be one of the more intriguing 
non-trivial AdS/CFT results, the contributions of some of the operators in the 0-class 
survive in the supergravity induced four-point function of stress-tensor multiplets, while at 
the same time these operators receive non-trivial corrections to their canonical dimensions 
both perturbatively and in the supergravity regime [15-22]. The exact reason which stays 
behind this behavior remains unclear. It is commonly stated that the operators in the O- 
class which do not drop out in the strong coupling limit are associated with multiparticle 
supergravity states. No matter how appealing such a point of view might be, it is at 
the same time rather puzzling since it is not immediately clear how non-trivial tree level 
corrections to the energy of multiparticle states could arise in a theory like the AdSs x 
supergravity where the energy of all single-particle states is protected. 

In the present work, we intend to shed more light on the above question by studying 
the simplest scalar operators in the O-class, i.e. (free field) dimension 4 scalar operators 
occurring in the singlet i?-symmetry channel in the OPE of two stress-tensor multiplets. 
Our interest in looking at this particular example is motivated by the knowledge of the 
OPE structure in the supergravity approximation. As was found in Ref. [20], the SU{4)- 
singlet channel of the corresponding OPE contains a scalar operator of dimension A = 
4-1-7, where the strong-coupling anomalous dimension is given by 7 = — 16/A^^. Thus, 
this operator, which survives in the supergravity approximation, is a natural candidate to 
be identified with the gravity two-particle bound state. It is therefore interesting to see if 
one can find the weak coupling counterpart of this operator by studying the corresponding 
OPE in perturbation theory. 

In the free field limit, the dimension four scalar operators we are interested in are 
suitable linear combinations of the four possible independent quadrilinear structures, two 
single traces and two double traces, which can be chosen to be orthonormal. 
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Switching on the interaction, we study their quantum properties by evaluating their 
one-loop two-point functions. UV infinities which arise at this order require a non-trivial 
renormalization of the four operators and the consequent appearance of anomalous di- 
mensions. The evaluation of the anomalous dimensions is complicated by a non-trivial 
mixing of the operators under renormalization. The complete anomalous dimensions ma- 
trix has to be determined and from its diagonalization we can read off the anomalous 
dimensions of the four "pure CFT states" . The latter correspond to the correct quasipri- 
mary operators in the 0-class. Our main result is that one of the above four quasiprimary 
operators acquires an anomalous dimension which is suppressed by a factor of with 
respect to the anomalous dimensions of all the operators in the X-class, as well as with 
respect to the remaining three quasiprimary operators in the O-class. The mechanism 
behind this suppression is tied to the fact that, at large N, the dominant sector in the 
two-point function calculation for the operator in question is given by planar disconnected 
Fcynman graphs. The latter factorize into two-point functions of CPOs, i.e., of operators 
protected from renormalization. Consequently, the leading contributions vanish and one 
is left with a mixture of planar and non-planar graphs, which in our particular case arc of 
the same order in 1/N. This "partial non- renormalization" argument applies to all orders 
in perturbation theory. Remarkably, the anomalous dimension of the above quasiprimary 
operator is negative (at one loop, at least) and can be interpreted as a binding energy. 
This is in accordance with the interpretation of this operator as corresponding to a two- 
particle bound state with energy smaller than the sum of the energies of the respective 
single-particle states. We point out that the strong coupling anomalous dimension of the 
surviving 0-class operator(s) is non-zero and negative which can also be interpreted as a 
binding energy of the corresponding two-particle supergravity state. Our results indicate 
that both planar and non-planar graphs are responsible for the non-trivial anomalous di- 
mensions of supergravity states. This raises an interesting question regarding the nature 
of the binding energies of multiparticle supergravity states. Similar questions have been 
recently discussed in [23]. 

The organization of the paper is as follows. In Section 2 we discuss the free field 
theory OPE of two lowest weight CPOs. In Section 3 we present the general formalism 
for calculating perturbative anomalous dimensions of composite operators in CFT and for 
dealing with the problem of operator mixing and splitting. In Section 4 we recall the Af = 
1 superspace approach [24, 25] that we use to calculate the one-loop two-point functions 
of the four free-field operators and fix our notations and conventions. This formalism is 
then used in Section 5 to compute the anomalous dimension matrix. The diagonalization 
procedure is then performed to obtain the corresponding one-loop quasiprimary operators. 
We test our results for consistency with certain constraints obtained from the independent 
OPE analysis of one- and two-loop four-point calculations. In Section 6 we discuss our 
results in connection with the AdS/CFT duality. In Appendix A we provide some relevant 
information about the perturbative four-point functions of the lowest weight CPOs and 
the corresponding OPE. Appendix B contains some technical details of the calculations. 
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2 Non-protected operators in Af = 4 SYM 



There is by now an exhaustive hst of gauge invariant protected operators in Af = 4 
SYM, both of the BPS type [26] and of the so-called "semishort" type (see, e.g., [27]). 
Non-protected gauge invariant operators are much less well understood, even if they form 
perhaps the most important part of the spectrum. In this work we focus on a set of 
non-protected operators of A/" = 4 SYM that is controllable and relatively well known. 
These are the superconformal primaries that appear in the OPE of two CPOs with lowest 
dimension. The latter are the lowest components of the supercurrent multiplet and are 
formed by single trace bilinears of the six real scalars L = 1, 2, . . . , 6 of jV" = 4 SYM 

transforming under the 20 = [0,2,0] irrep of 5'C/(4). Explicitly, up to a normalization 
constant, they are defined as 

O^^ix) ~ Tr[0^(a;)0^(a;)] - l5^^Tr[0^(a;)0^(a;)] (2.1) 

where the trace is over the SU{N) indices. The OPE of two such operators involves all 
operators in the decomposition 

[0,2,0] X [0,2,0] = [0,0,0] + [0,2,0] + [0,4,0] + [2, 0,2] 

+ [1,0, !] + [!, 2,1] (2.2) 

The irreps in the first line are realized as even spin symmetric traceless tensors while those 
in the second line as odd spin ones. A general non-renormalization theorem then shows 
that among the superconformal primaries that may appear in the OPE of the two CPOs 
(2.1), only the ones in the singlet [0,0,0] channel are non-protected by superconformal 
invariance [8,9]. For the latter operators the only constraint imposed by superconformal 
invariance is the unitarity condition [10, 12] 

A>2 + s (2.3) 

where A is the scaling dimension of the corresponding operator while s = 2n , n = 0, 1, 2, .. 
is the spin. 

An explicit expression for the singlet channel of the free OPE can then be written as 
follows: 

0^^{xM^{x2) = -^ + a^SLM:Tr[(l)\xi)(P^{x2)]: + h -.0^^ {xM^ {x^): 

Xi2 

= -^ + ^CK{xu,d2)*[K]{x2) + Co{xu,d2)*[0]{x2) (2.4) 

Xi2 Xi2 

where a and b are constants dependent on the normalization of the operators. [i<'](a;) 
and [0](a:;) denote the K- and O-class operators, respectively and C{xi2,d2) denote the 
corresponding OPE coefficients [20] . The important assumption behind a conformal OPE 
such as (2.4) is that the operators appearing in the r.h.s. are "pure CFT states" or else 
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quasiprimary operators. This means that under conformal transformations they behave in 
a well-defined way determined uniquely by their spin and scaling dimension. In practice, 
quasiprimary operators form an orthogonal basis of the operator algebra such that all 
two-point functions between different operators vanish identically. This latter property, 
together with the explicit expressions for all the OPE coefficients C{xi2,d2) [28] allows 
one to study conformally invariant four-point functions in terms of the OPE. 

It should be pointed out, however, that sometimes the conformal labels (spin and di- 
mension) are not sufficient to distinguish all the operators of a given type. For instance, 
later on in this paper we will have to deal with the degeneracy of the free quadrilinear 
scalar operators of dimension four: We will find four such structures, all with the same 
conformal labels. It is generally beheved that the conformal interactions lift such de- 
generacies by creating anomalous dimensions. Indeed, this is what will happen in our 
case. 

From (2.4) we see that the free-field realization of the i^-class operators is given in 
terms of single-trace bilinears while that of the 0-class operators in terms of double-trace 
quadrilinears in the 0's. Consequently, the canonical dimensions of the operators in the 
K-class are of the form 

Ak = 2 + s, s = 0,2,4,... (2.5) 
while those in the 0-class are of the form 

Ao = 4 + s, 5 = 0,2,4,... (2.6) 

In other words, the operators in the i^T-class are of twist two while those in the 0-class 
are of twist four. Furthermore, since the canonical dimensions of the free i^-class opera- 
tors saturate the unitarity bound (2.3), these operators form an infinite set of free short 
supermultiplets containing conserved currents. However, the corresponding supermulti- 
plets become long in the interacting theory since there is no mechanism to protect their 
dimensions from radiative corrections [10]. The operators in the 0-class do not saturate 
the unitarity bound (2.3) and they also acquire in general anomalous dimensions. 

Now, if the conformal OPE (2.4) is valid as an operator statement one should be able 
to define the operators in the K- and 0-classes, both in perturbation theory as well as 
non-perturbatively, and study their properties. This is clearly a formidable task. For the 
operators in the X-class this would be very interesting in view of the recent conjecture 
regarding the behavior of the anomalous dimension of operators with twist two with large 
canonical dimension and large spin [7] The study of higher-twist composite operators is 

^The one- loop anomalous dimensions tjk = — 2 — s of the operators in the -fC-class have been 
calculated in [29] by applying conformal OPE techniques to the one-loop four-point function of CPOs: 

fe=o 

Using the results of [30] one could extend the above analysis to two loops and test the conjecture of [7] 
about the absence of In*^ s terms in the fc-loop anomalous dimension of the ii'-class operators. 
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equally interesting and its the purpose of the present work to initiate the investigations 
in this direction. 



3 Anomalous dimensions and operator mixing in CFT 

The study of composite operators in a renormalizable quantum field theory is among the 
most important and complicated subjects [31]. Even if such studies simplify considerably 
in CFTs due to the absence of beta functions, they remain quite elaborate due to operator 
mixing under renormalization. In this Section we present the general framework for the 
study of composite operators in CFT in the presence of operator mixing, setting up the 
explicit calculations of the following Sections. 



3.1 Anomalous dimensions of composite operators in CFT 



Given a renormalizable QFT, we consider a renormalized composite operator 0{x) (scalars 
only, for simplicity) constructed from the elementary fields of the theory. The fact that the 
operator is renormalized means that the insertions of 0{x) into renormalized correlation 
functions are finite. In particular, the n-point functions of 0{x) are finite. If the theory is 
at its fixed point (CFT, the beta functions vanish) the renormalized n-point functions sat- 
isfy Ward identities which become the configuration space analog of the Callan-Symanzik 
RG equations at the fixed point [32] 



E 

.k=l 



d 



nA 



{O{xi)...O{xk)...)R^0. 



(3.1) 



The parameter A is the scaling dimension of the operator 0{x) and determines its trans- 
formation properties under scale transformations. In particular, for the two-point function 
we have 

^ {O{x)Omn = (3.2) 



^x^' 



+ 2A 



In a free field theory, the dimension A appearing in (3.2) coincides with the canonical 
dimension Aq of the operator which can be inferred from the canonical dimensions of the 
elementary fields entering the definition of O. Translation invariance together with the 
Ward identity (3.2) then constrain the two-point functions to be power-like. After turning 
on the interaction, the perturbative evaluation of the two-point function leads in general 
to divergences which emerge from the explicit calculation of Feynman integrals. Since 
the subtraction of these divergences introduces a non-trivial dependence on the UV scale, 
the two-point function looses its power-hke behavior and does not satisfy (3.2) anymore. 
However, order by order in the perturbative expansion we can recover the conformal Ward 
identity by modifying the dimension as A = Aq -|- 7. The deviation 7 from the canonical 
dimension is the anomalous dimension which is given as a power series in the perturbation 
parameter. 
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To be more explicit and to show how the general calculation works, we consider the 
bare (non-renormalized) field 0^^\x) and evaluate {O^^\x)O^°\0)) in perturbation the- 
ory. At tree level we recover the power-like behavior^. The assumption that the theory 
is a non-trivial renormalized CFT requires the existence of a dimensionless renormalized 
coupling A. Using dimensional regularization {d — A — 2e) to regularize the integrals, we 
can present the UV divergences as simple poles in e, e.g., at one loop 

(OW(a;)0(°)(0))|o+i = -^[1 + + 0(e°)] (3.3) 

where a is a constant independent of A and e. We also work henceforth with normalized 
conformal operators. To cancel the divergence in (3.3) we perform the usual multiplicative 
renormalization of the composite operator by introducing a divergent renormalization 
constant Z(A, e) 

0{x) = Z{\,€)0^^\x) (3.4) 

which is determined by requiring {O{x)O{0)) to be finite at this order. Using the minimal 
subtraction scheme, this immediately gives 

Z(A,6) = l-^i (3.5) 

Since Z{X, e) depends on the UV scale, the one-loop renormalized two-point function 
does not satisfy the conformal Ward identity (3.2). To remedy this wc postulate that the 
conformal Ward identity (3.2) is satisfied order by order in perturbation theory and at 
the same time the canonical dimension of the operator 0{x) is modified as 

A(i) = Ao + 7^') (3.6) 

Then, 7*^^^ is determined by requiring 

^ (0(x)O(O))|o+i = O(A^) (3.7) 



where fi is the mass scale of dimensional regularization. To leading first order in A, we 
obtain from (3.7) 

^^'^^-pi-^lnZ (3.8) 

The /^-dependence of Z comes from dimensional transmutation since in (4— 2e) dimensions 
the physical coupling A* becomes dimensionful and we need to define a dimensionless 
coupling as A = /i^^X*. As a consequence, we find 

7^^) = Xa (3.9) 



'^Notice that it is possible that rcnormahzcd conformal two-point functions may contain divergences 
even at tree level. These divergences are due to ultralocal short distance singularities in the two-point 
function (see, e.g., [33]). They are insensitive to the perturbative expansion [34] and give rise to conformal 
anomalies which should not be confused with the anomalous dimensions of the operators. 
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This is the first-order version of the more general, well-known result that the anomalous 
dimension is read off from the coefficient of the simple pole in the renormalization constant 
Z. The solution of (3.7) at this order in perturbation theory is 

(O(x)0(0))o+i = ^[1 + - 7^^) ln(a;V)] (3-10) 

where the constant C encodes possible finite renormalization (finite counterterms) of the 
two-point function. This relation is an explicit proof of the statement that the modification 
of the canonical dimensions of quantum operators is due to renormalization and is signaled 
by logarithmic terms appearing in the two-point functions. 

3.2 Operator mixing in CFT 

The general discussion presented above cannot be immediately applied when the free 
theory contains more than one linearly independent composite operators having the same 
canonical dimensions. In fact, in such a case one can start in the free field theory with 
a set of mutually orthogonal operators which correspond to a basis of free quasiprimary 
operators. However, in general nothing prevents them from mixing at the quantum level. 
Therefore, in perturbation theory one has to orthonormalize the basis order by order, as 
we are going to describe in detail ^ . 

Suppose that we have a set of scalar operators i = 1, . . . ,p of equal free dimension 
Ao and with identical quantum numbers. By suitable rescalings of the operators we can 
choose this set to be orthonormal 

(Of(x)Of(0))o = -|^ (3.11) 

Note that this choice of basis is not unique as wc can always make an orthogonal transfor- 
mation 0\ = OijOj, 0^0 = I which preserves (3.11). Now, let us switch on the interaction 
and compute the two-point functions at order A. In general, at one-loop we expect to find 
something like 

(Of (x)Of (0))o+i = -^[5,, + Ap,, + A^ + 0{e)] (3.12) 

where p = and uj = uj^ are constant symmetric matrices^. In general they are not 
diagonal, as a result of the fact that at one loop the operators are not orthogonal anymore 
and develop mixed, possibly divergent, two-point functions. 

^In the context of A/" = 4 SYM, the mixing of composite operators has been discussed in a number of 
recent papers [16,15,20,36,37]. 

^Hcrc wc make the discussion more general by considering also finite contributions p which correspond 
to finite renormalizations of the two-point function. 
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To cancel the 1/e poles we introduce a renormalization matrix Zij as 

0, = Z,pf\ = (3.13) 

which is determined by requiring ((9j(9j)o+i to be finite. If we formally follow the same 
reasoning which in the case of a single operator brought us to (3.10), we eventually arrive 
at the set of renormalized one-loop two-point functions 

(0,(x)(9,(O))o+i = -^[5,^ + \{pi^ - u,^ In (x^/x^))] + O(A^) (3.14) 

The above result shows that in general the one- loop renormalized operators in (3.14) fail 
to be quasiprimary, since the two-point functions of the latter should be diagonal, 



(O,(a:)0,(0))o+i = J|^[l + \p^ - A7an (x^')] + ^(A^) (3.15) 



(no summation on repeated indices is assumed). Therefore, in order to find the explicit 
realization of the one- loop quasiprimary operators we need to bring eq. (3.14) in the form 
(3.15). This can be done by performing the linear transformation 

d={Lo + \Li)0 (3.16) 

which implies 

{d{x)dm = (Lo + ALi)(C»C»)(Lo + \L,f (3.17) 

Comparing (3.15) with (3.17) term by term, we obtain the following three equations: 

LoLl = l (3.18) 
LqujLI = r (3.19) 
LiL^ + LqLI + LopLl = P (3.20) 

where F denotes a diagonal matrix with eigenvalues 7^ and P a diagonal matrix with 
eigenvalues p^. The corresponding eigenvectors Oi are the one-loop quasiprimary operators 
having one-loop anomalous dimensions 7^. 

From (3.18) we see that the matrix Lq must be orthogonal and from (3.19) we see 
that it must diagonalize the matrix uj. If all the eigenvalues 7^ are different, 7^ 7^ 7^ (i.e., 
all the quasiprimary operators acquire different anomalous dimensions) , then the solution 
of eq. (3.19) is unique. In this case, the one-loop renormalization and diagonalization of 
the anomalous dimension matrix uniquely fixes the form of the tree level quasiprimary 
operators. Finally, eq. (3.20) involves the finite counterterms pi. These can be fixed 
by choosing a suitable normalization for the one-loop renormalized correlators (3.15). 
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Choosing for example pi = (P = 0) and setting Li = ELq, eq. (3.20) can be rewritten 
as 

i + F^-LopL^ (3.21) 

We notice that this equation leaves some freedom that may affect the exphcit expression 
of the one- loop quasiprimary operators to 0{X). To fix this freedom one would need to 
discuss the two-point functions (3.14) at order O(A^), but this is outside the scope of the 
present work. A similar pattern is expected to be reproduced order by order. 

We conclude that the diagonalization of the set of operators at one loop requires a 
particular orthogonal transformation Lq already at tree level. This means that the choice 
of the free basis is not arbitrary, but is completely determined by the one-loop In (x^/x^) 
terms in the full matrix of two-point functions. Therefore, when discussing an operator 
at the free level with an eye to its quantum properties, we need to resolve the mixing as 
explained above. 

3.3 Operator splitting in CFT 

Let us now discuss what are the consequences of the above mixing phenomenon for the 
OPE and the four-point functions. Considering for clarity only scalar fields, the generic 
form of a free OPE is [20] 

AixMi^2) --^ + 9o ,,^\^j O{x,) + ...] (3.22) 

•^12 Xi2 

where the dots represent derivatives of O and , Aq are the canonical dimensions of A 
and O respectively. The parameter go is connected to the three-point function of O as 

{A{x,)Ai^,)0{xs)) = f — (3.23) 

•^12 1-''13'^23J 

The important point in free field theory is that given the explicit expression for A in 
terms of the elementary fields, one uniquely obtains the expressions of all the fields on 
the r.h.s. of the OPE (3.22) using for example a Taylor expansion of the l.h.s. [35, 20]. In 
fact, to any given dimension and spin corresponds one explicit expression of elementary 
fields, such as O in (3.22). However, complications arise when there exists at the free 
theory level more than one linearly independent expressions in terms of the elementary 
fields corresponding to conformal operators of a given dimension and spin. In this case 
the fields appearing on the r.h.s. of the OPE (3.22), such as O, represent a particular 
linear combination of the different, linearly independent expressions. This phenomenon 
is termed the free- field theory degeneracy of the conformal OPE. 

In the presence of such a degeneracy one is forced to study the mixing under rcnor- 
malization of all the linearly independent expressions, following the discussion presented 
before. In this way, at one-loop, one ends up with a set of quasiprimary operators which 
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should be the correct CFT states appearing in the OPE (3.22). Finally, inverting re- 
lations such as (3.16) one can express O in terms of an orthonormal basis of one-loop 
quasiprimary operators Ej 

p 

0(a;) = ^aiEi(a;) (3.24) 

i=l 

where p is the number of the linearly independent free field expressions. At one loop 

the coefficients ai in (3.24) arc just numbers (they do not depend on the coupling) that 
are uniquely determined by the diagonalization procedure explained before. The relation 
(3.24) is the operator splitting discussed in [20, 21] in the case of the stress tensor of A'' = 4 
SYM. 

Once the mixing of the various conformal operators described in the previous subsec- 
tion has been resolved, we can make contact with the independent four-point function 
approach to the OPE. In it one tries to extract information about the spectrum and the 
anomalous dimensions of the operators involved in the OPE by making a conformal par- 
tial wave expansion of the four-point amplitude of, e.g., four operators 02o- Matching 
the terms Inf, \t? v, etc. in this expansion {y — {x\2x\^ / {xl^x^^) is one of the conformal 
cross-ratios), one can find consistency conditions on the mixing coefficients in (3.24) 
and on the anomalous dimensions. The above four-point amplitude has been computed 
up to two loops [18], which allows one to find three such conditions. This procedure 
has already been discussed in [30,36], but the full details needed for its application are 
worked out in Appendix A. Assuming that the quasiprimary operators Ej have one-loop 
anomalous dimensions 7j and are normalized, we can write down the following consistency 
relations 



p 



Y^al = 1 (3.25) 



1=1 

p 



Y^aH - -4^ (3.26) 



i=l 
i=l 

The first of these conditions can be viewed merely as a conventional normalization of the 
operator O in (3.24). The second is derived from the one-loop and the third from the 
two-loop four-point amplitude (at order 1/A^^). Although these equations are not suffi- 
cient to determine all the eight parameters ai,7.j (in our case p = 4, see the next section), 
they nevertheless put some non-trivial constraints on the parameters. For instance, since 
the right-hand side of eq. (3.26) is negative and is of order 1/A^^, we expect to find in our 
calculation that: i) at least one anomalous dimension is negative; ii) all the quasiprimary 
operators corresponding to finite (in the large N limit) anomalous dimensions enter in 
the linear combination for Oi with coefficients of order at least 1/A^. In addition, condi- 
tions (3.25)-(3.27) provide a very non-trivial cross-check both on our two-point one-loop 
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calculations and on the existing perturbative four-point ones. In Section 5 we show that 
our results do indeed verify these conditions. 



4 J\f =1 superspace approach 

We are interested in the calculation of the anomalous dimensions of scalar composite 
operators of jV' = 4 SYM theory which have canonical dimension 4 and belong to the 
[0, 0, 0] representation of the R-symmetry group. In particular, we can construct four 
possible dimension 4 quadrilinear operators in terms of the six elementary scalar fields of 
the theory 

Ai = Tr(0^0^)Tr((/)^0^) 

A, = IV((/.V</'''</'''), (4.1) 

As explained in Subsection 3.3, the free OPE (2.4) contains one particular combination - 
named Oi - of the above operators. This is obtained by explicit calculations as [21] 



02^(^1)02^(^2) ~ — + [0,{x,) + {dO,{x2))] + • • • (4.2) 



X 
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with 



Ci ~ ^1 - \a2 (4.3) 

We may then choose this operator as the first vector in the orthonormal free basis (3.11) 
and the remaining three basis vectors can be constructed as linear combinations of the 
fields in (4.1) that are orthogonal to (4.3). However, as already explained, when moving 
on to the perturbative evaluation of two-point functions, we expect these operators to mix 
non-trivially. Therefore, we are forced to evaluate all the ten different two-point functions 
among them and solve the mixing problem. 

To perform quantum calculations, we find it convenient to work in a A/" = 1 setup 
where the field content of the theory is given in terms of one real vector superfield V 
and three chiral superfields containing the six scalars organized into the 3 x 3 of 
SU{?,) C SU{A): 

^\=^ = (t>' + i(t>'^^ He=^-4>'-^4>'^^ i = l,...,3 (4.4) 

The classical action is (we use the notations of [24, 25, 38]) 

+ |Tr J d'z e,,fc$^[$^ $'=] + |Tr J d'z e'^'^i^j, $,] (4.5) 
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where Wa = i-D^(e-»^L'ae3^), and V = VT", ¥ = $^«r", being 5[/(iV) matrices in 
the fundamental representation. Since the theory is at its conformal fixed point, possible 
divergences can arise only in correlators of composite operators. 

In terms of the (anti)chiral Af — 1 superfields the four free operators given in (4.1) 



are^ 



Ai = ^ [Tt {¥<!>^) Tr + Tr ($^%) Tr {<l>^<l>i)] 

A2 = Tr Tr {^^^j) 

A3 = Tr 

^4 = i [Tr + 2Tr ($'$^$jl>i) + Tr (l>i$^l>^$^)] (4.6) 

When we turn on the interaction, in order to guarantee gauge invariance, we have to insert 
extra exponential factors inside the traces. The gauge invariant superfields are then given 

by 

Ai^^[Tr ($^$^) Tr {^^j) + Tr (e^^^e'^^^j) Tr (e^^$^e-^^l>i)] 

A = Tr {e^^^e'^^h) Tr {e^^^^e'^^^j) 
^3 = Tr (e^^^^e-^^^i^j) 

A4 = 2 [Tr {e^^<l>'e-<^^^ie^^<^^e-3^^j) + 2Tr (e^^$^$^e-^^$j$i) 

+Tr (e-^^l>ie^^**e-^^$je«^$^)] (4.7) 

To compute correlation functions for these superfield operators, we introduce the Eu- 
clidean generating functional 

W[J\ - Jv^V^ VV e^+Z'^'^^'-^^ (4.8) 

for n-point functions 



{An{zi) ■ ■ ■ Ai^{Zn)) 



SJi^{zi)---6J'"{Zn) 



(4.9) 



J=0 



where z = {x,6,9). To evaluate perturbative contributions to n-point functions it is 
sufficient to determine the contributions to W[J] at order n in the sources. In particular, 
for two-point functions we need evaluate the quadratic terms 

W[J] ^ J d^x, d^X2 d^e J\xi,9,d)j^^^^^^^r{Do^,D^)J^{x2,9,e) (4.10) 

where V{Da, D^) is an operatorial expression built up from spinorial derivatives. As 
discussed in the previous Section, the particular dependence on the bosonic coordinates 

'^To be more precise, the operators (4.1) are the lowest components of these superfields. In a small 
abuse of language we give the same names both to the superfields and to their lowest components. 
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is fixed order by order by conformal invariance and brings to the determination of the 
anomalous dimensions. The only freedom left is in the appearance of possible perturbative 
multiplicative corrections encoded in the matrix Pij{g'^i N). 

In order to compute the first-order contributions to (4.10), we first draw all possible 
diagrams with two external sources at first order in A = g'^N /At^"^. In the Feynman gauge, 
the relevant propagators read (the ghosts do not contribute at this order) 

{v'^{z)v\Q)) = -—-s^'\e) ($-(;^)$5(o)) = -^-,s^'\e) (4.ii) 

while the vertices we need from the action are 



V2 = —e.^kfabc^'"^''^"' % = -y^''fabM^)^ (4.12) 

with additional factors for chiral, antichiral lines respectively. 

Our basic conventions to deal with color structures are as follows. For a general simple 
Lie algebra we have 

[T",T^] = ip^^T^ (4.13) 

where T" are the generators and /"'"^ the structure constants. The matrices are nor- 
malized as 

Tr(r''r'') = 5"'' (4.14) 

We specialize to the case of SU{N) Lie algebra whose generators T", a = 1, ■ ■ ■ , N"^ — 1 
are taken in the fundamental representation, i.e. they are N x N traceless matrices. The 
basic relation which allows to deal with products of T"'s is the following 

= [s^^s^r - ^5,,5rs^ . (4.i5) 

From this identity, together with (4.13), we can easily obtain all the identities used to 
compute the color structures associated to the Feynman diagrams relevant for the two- 
point correlation functions. 

As a second step one needs to perform the superspace D-algebra to reduce each 
diagram to an ordinary multiloop integral. To deal with possible divergences in these 
integrals we perform massless dimensional regularization by analytically continuing the 
theory to d dimensions, d = 4 — 2e. We evaluate the integrals using the general formula 

{x^Y[{x - y^]'' r(a)r(6) r{d-a-b) {x^)-+b-l ^ " ' 

and extracting the j pole. The leading behavior of the integrals we use in the calculation 
is 

^ ^(a;2)l-6[(^_^)2]2-2. ~ — ^ (4-17) 
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/ '^'''^(x2)2-26[(2; - y)2]2-2e ^ ^ ^ ^^^^^ (4.18) 

5 One-loop anomalous dimension matrix and quasipri- 
mary composite operators in A/^ = 4 SYM 

In this section we compute the full one-loop anomalous dimension matrix for the operators 
(4.1) using the Af = 1 superspace approach described in the preceding section. Let us 
first write the four gauge invariant superfields (4.7) by expanding the exponentials inside 
the traces up to order gV 

A2 = [{SacSbd + i^V'(/'""5^^ + /^^^5«^)] 

^3 = $-$^''<|^.$^ [TT{TanT,Ta) + igV (/^^"Tr (T^TbTeTrf) + f^'Tr {TaThT,Ta))] 
= ^^''^^^'^^.^TriT^T.nTa) + 2Tr(TanTaT,) + Tr(TaTanT,) 
+ igV^ [/^- {TviTgTJ'.Ta) + 2TT{TgT,TaT,) + TT{TgTaT,T,)) 

+ /'^^^ (Tr(r„T,r^T,) + 2T,{TaTnTa%) + IV(7;T,T;,Te))] } (5.1) 

First of all, we are interested in the calculation of the tree-level two-point functions of these 
operators. Neglecting for the moment their color and flavor structures, we concentrate 
on the two-point function of the generic operator Its diagram is shown in Figure 

1 where the superspace derivatives acting on the propagators are explicitly indicated. In 
this case the D-algebra is performed rather easily and the result is given by 




Figure 1: Tree level contribution to {A{zi)A{z2)) 

To evaluate the full result for {AiAj)^ we have to take into account the combinatorics 
coming from the sum over flavor indices and contractions of the color tensor structures 
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appearing in (5.1). This is a straightforward algebraic calculation which finally gives 



(A(^)A(0))o 



3(iV2 



(47r- 



2^4 



/ 7N^+2 
I 2 

7N'^-8 

9Af^l6 
2N 



2(37V2 _ 2) 

2(Ar^-4) 

7N^-8 

N 



7N^ 



N 

2(Af^-4) 
AT 

3Ar4-8Ar2+24 

iV^-16Ar2+48 

27V2 



2Af 
AT 

Ar4-16jV^+48 

. 2Ar2 

7Ar4-32jV2+96 

4Ar2 



\ 



X (d'd' + '-d^aD'^D^ + ^S^^\9) (5.3) 

We notice that the operators Ai do not form an orthogonal basis at tree level. Diagonal- 
izing the previous matrix one can find a suitable orthonormal basis. This is discussed in 
details in Appendix B where the diagonalization is performed for large A^. 

Let us now move to the computation of the one-loop two-point function. The various 
contributions are shown in Figure 2. To draw the diagrams 2a, 2b, 2c and 2f, 2g, 2h we 
have used only the interaction vertices given in (4.12), while diagrams 2d and 2e contain 
also external vertices with one vector field, as given in (5.1). 






Figure 2: One-loop contributions to {A(zi)A{z2)) 



Since we are interested merely in the anomalous dimensions of the operators, in ac- 
cordance with (3.14) we consider only the logarithmic divergences which, in dimensional 
regularization, appear as 1/e poles ^. Therefore, we only concentrate on 1/e divergent 

^Note that, in a momentum space approach, as the one used in [38], these terms are instead the ones 
appearing as 1/e^ poles. 
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diagrams. After performing the £)-algebra and looking at the structure of the integrals 
which arise, it is not difficult to see that graphs 2a, 2c, 2d, 2f, and 2g are the only divergent 
diagrams, whereas graphs 2b, 2e and 2h give only finite contributions which contribute 
to the p matrix as defined in (3.14). 

After D-algebra, the structure of superspace derivatives we are left with is the same as 
the one at tree-level (see eq. (5.2)). Along the calculation, we can then concentrate only on 
the contributions proportional to D^D^, the other ones following by supersymmetry. The 
graphs 2a, 2c and 2d then reduce to the ordinary Feynman diagram in Figure 3a, while 
the reduction of graphs 2f and 2g produce the diagram in Figure 3b. The corresponding 
integrals are (4.17) and (4.18), respectively. They both contribute with a simple pole 
divergence, the integral of Figure 3b giving twice the result of the one in Figure 3a. 

y 




a b 



Figure 3: Bosonic integrals resulting after D-algebra 



At this point we have to take into account the factors coming from the flavor and color 
combinatorics. This is the most tedious and tiring part of the calculation, even if rather 
straightforward. To perform the calculation we have first done the flavor contractions 
by hand, while to deal with the color contractions we have taken advantage of a com- 
puter program we have implemented with Mathematica [39]. As a result, the anomalous 
dimension matrix of the four operators ^i, . . . , ^4 is given by 



--X{N' - 1) 



v 



-2N^ + 13 
-6{2N^ + 7) 

21Af^+16 
N 

53jV^-32 
2N 



-12(6iV2 + 1) 

6(A^''+16) 



N 
3{33N'^ 



-32) 



N 



21jV^+16 
N 

6(jV^+16) 

A' 

lliV^-9().V- + 128 
A- 

3Af"t + 112iV--256 
2Ar2 



53N^-32 
2N 
3(33jV2-32) 

A' 

3iV-^ + 112A'--256 
2A- 

59A'''-(ilA"-+ol2 



4Af2 



(5.4) 



From the results (5.3, 5.4), we see that the four operators do mix non-trivially at tree and 
one-loop level. As discussed in section 3.2, we need to solve the mixing in order to find 
the anomalous dimensions of the quasiprimary operators belonging to the singlet sector 
of the theory. This amounts to building first of all an orthonormal basis at tree level out 
of the four operators Ai, . . . , A4, and then to writing the anomalous dimension matrix in 
this new basis. It is from this matrix (once we have diagonalized it) that we can read off 
the pure conformal operators of the theory and the values of their anomalous dimensions 
up to order g^. 
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The procedure is described in some details in Appendix B, where we have computed 
the values of the anomalous dimensions up to order and have identified the corre- 

sponding quasiprimary operators Ei, . . . , E4. The explicit expressions for the latter are 
given in (B.9) and their corresponding anomalous dimensions are 



71 = 

72 = 

73 = 

74 = 



■^4 



6 + 



20 
7V2 



13 + ^41 



13- ViT 



Aim 



41Ar2 



(41 + 19V41) 



(41 - 19V41) 



A 



(5.5) 



In terms of these operators, the (normalized) operator Oi appearing in the OPE (4.2) is 



-^E, + ^E. 
16 4 ^ 



+ 



(5.6) 



where 03 and 04 are given in (B.12). Therefore, at leading order in A^, the operator 
which appears in the singlet channel of the OPE of the two CPOs O20 is a quasiprimary 
operator with vanishing anomalous dimension. It becomes a mixture of pure states when 
subleading corrections in N are taken into account. The meaning of this result will be 
discussed on general grounds in the following Section. 

To conclude this Section, we check our result against the four-point OPE analysis 
mentioned in Section 3.3 and discussed in detail in Appendix A. Prom (5.6) we see that 
the condition (3.25) is satisfied up to order 1/A^^: 



1 - Jk, + ^[al + al] =1 + 



while by virtue of the results (5.5), the condition (3.26) reads 

lOA 



7V2 



+ ]^["373 + ah4]=-^ + 0(^) 



(5.7) 



(5.8) 



which can also holds at order 



Finally, condition (3.27) is also satisfied at this same order as can be easily checked 



(5.9) 
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6 Non-protected operators and mult i— particle states 
in supergravity 

In the previous two sections we have studied in detail the four possible scalar quasiprimary 
operators which are SU (4) singlets of canonical dimension four in jV = 4 SYM. At one 
loop, we identified them explicitly in terms of the elementary superfields (B.9) whose 
anomalous dimensions are given in (5.5). 

The first important observation that follows from our results is connected with the 
anomalous dimensions (5.5). We see that one of the four anomalous dimensions, 71, is 
suppressed by a factor of with respect to the remaining three, 72,3,4- Although this is 
merely a one- loop result, it points at a fundamental difference between the quasiprimary 
operator Ei on the one hand, and ^2,3,4 on the other. Namely, the anomalous dimen- 
sions of the latter three operators behave like the anomalous dimensions of the X-class 
operators, that is, they are positive and of order 0{\). Therefore, it is justified to believe 
that these three operators are dual to string modes. Their anomalous dimensions become 
infinite when X,N ^ 00, so that they decouple in the supergravity limit. On the other 
hand, the anomalous dimension of the operator Si, being of order l/N"^ at one loop, has 
a chance to remain finite in the supergravity limit. 

The above observations are in agreement with the known strong coupling calculations 
of the four-point function of the CPOs (2.1). In particular, in [20] it was shown that 
the contribution of all the operators in the X-class is absent in the supergravity limit 
of that four-point function. However, the contribution of scalar fields with canonical 
dimension four was shown to be non-trivial. Our result above indicates that only one of 
the four possible quasiprimary operators with canonical dimension four might survive in 
the supergravity limit and give a non-trivial contribution to the four-point function of the 
CPOs (2.1). This is the quasiprimary operator Ei which therefore should correspond to 
a two-particle supergravity bound state. 

Further support for our interpretation of Ei as a two-particle supergravity bound state 
comes from the usual identification of the conformal anomalous dimension with the energy 
of a state in a radial quantization (see e.g. [3]). A negative anomalous dimension would 
then correspond to a binding energy. In this sense, it is quite suggestive for the nature 
of the state corresponding to the quasiprimary operator Ei that both its one-loop as well 
as its strong coupling anomalous dimensions are negative. It would be interesting to find 
out if this property persists at higher orders in perturbation theory. 

Our next observation concerns the operator E2. From (5.5) wc sec that in the large 
N limit its anomalous dimension 72 = 6A of this operator equals twice the one-loop 
anomalous dimension 7^^ = 3A of the Konishi scalar ~ Tr (e^^$*e"^^$i) [40,15,21]. 
Alternatively, one can also deduce from (B.13) that for large E2 = /C^ ~ ^2, i-e., 
the operator E2 coincides with the canonically normalized square of the Konishi scalar. 
In other words, we observe that in the large N limit the anomalous dimensions of the 
individual constituents of the composite operator Ei just add up. Owing to this property 
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it is then natural to identify S2 with an operator dual to a two-particle string state. 

Another intriguing consequence of our results comes when we compare our formula 
(5.6) and the free OPE (4.2). In principle, there is no reason why the free operator 
Oi that appears in the OPE (4.2) and the quasiprimary operator Ei might bare any 
resemblance. Nevertheless, it is easily seen from (5.6) or from (B.9) and (4.3) that in 
the large limit Oi coincides with the quasiprimary operator Si. Indeed, to calculate 
the two-point function of Oi one should use the decomposition (5.6) into quasiprimary 
operators. However, as we have argued above, we expect that in the supergravity limit 
the operators ^2,3,4 decouple since they are dual to massive string modes. Then, since we 
are at the same time considering the large N hmit, we see from (5.6) and (B.9) that Oi 
coincides with the quasiprimary operator Ei dual to a two-particle supergravity state in 
the supergravity hmit. It is remarkable that the OPE itself somehow knows the special role 
of the operator Oi and gives us its explicit expression in terms of elementary superficlds 
without the need to go through the process of diagonalization of all the possible mixed 
fields. 

Now we want to argue that that the suppression of the anomalous dimension of Ei 
should work to all orders in perturbation theory. This is due to the special nature of the 
operator Oi which can be written as a direct product of two CPOs: 

0,{x) = 0^^{x)0^^{x). (6.1) 

One can show that all of its two-point functions, with itself and with the remaining three 
operators .4,2,3,4 from (4.1) give logarithmic terms that are at least 1/A^ suppressed. 

Let us first discuss the two-point function {OiOi). From Figure 4 we sec that at 
tree level it includes a connected and a disconnected parts. The connected part is 
suppressed as it is non-planar. 




Figure 4: Contributions to the tree-level two-point function of Oi in the double 
line notation. 

The perturbative corrections to the above picture can be of three types (Figure 5). 
Firstly, there can be corrections to each of the disconnected graphs separately. Secondly, 
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there can be lines that connect the disconnected graphs. Finally, there can be perturbative 
corrections to the non-planar connected graphs. Among them, the leading contribution 
to the 1/N expansion is supplied by the first type of graphs, where all the corrections are 
confined to the disconnected parts. Now, the crucial point is that these graphs can be 
factorized as follows: 

{0,{x)0,{y))f-- = 2 (O,TW02T(l/))o (C^2T(^)02T(y))i , (6.2) 

where the subscript ()o,i indicates the perturbation level. For this subset the trace over 
the 5*0 (6) indices in (6.1) is of no relevance, so we can treat each factor in the right-hand 
side of (6.2) as an independent two-point function of the protected operator O2o- The 
protected operators have a fixed scahng dimension determined by their nature of short 
superconformal representations. Consequently, all such divergent^ graphs, which could 
possibly contribute to the anomalous dimension of O20, should add up to zero. All the 
remaining planar and non-planar connected graphs are subleading, at most of order 

Clearly, this mechanism works to all orders in perturbation theory. Indeed, at order 
n eq. (6.2) can be replaced by 

n 

(0i(x)Oi(y))f ^- = ^ C_ {0^^{x)0^o''iy))m {Ok^{x)0^i{y))„ . (6.3) 

m=0 

In this sum, for a given perturbative correction of order m to the first disconnected part 
we have collected all the corrections of order n — m to the second disconnected part. The 
latter correspond to the protected two-point function at order n — m, so they give no 
logarithmic terms. The same argument can then be applied to the first part of order m. 

It remains to show that the two-point functions of Oi with the operators ^2,3,4 from 
(4.1) give logarithmic terms that are at least 1/A^ suppressed. In the case of ^3^4 this is 
due to the fact that they arc single-trace operators, so we have one color trace fewer in the 
graphs. The disconnected (leading) sector of the two-point function of the double-trace 
operators Oi ~ O20O20 and A2 ~ /C/C is empty, since it is not possible to factorizc it into 
two-point functions matching an O20 factor with a singlet /C factor (see Figures 4 and 
5). Again, this is true to all orders in perturbation theory. Thus, all the entries in the 
first row of the anomalous dimension matrix (B.7) are at least 1/A^ suppressed. When 
diagonalizing such a matrix in the large N limit, the operator Oi effectively becomes the 
eigenvector Si with a subleading eigenvalue. This is the mechanism which is responsible 
for the 1/A^^ suppression of the anomalous dimension of Ei and thus for the existence of 
two-particle supergravity states with non-zero binding energy. 

It is important to mention that the same mechanism can be applied to any multitrace 
operator which is defined as a product of any number of protected operators, not necessar- 
ily identical. Then we may conjecture that such operators constitute a substantial part, 

^In fact, the 1/2 BPS short operator ©20 is completely non-renorrnalized, including the finite quantum 
corrections. However, here we are only interested in logarithmic terms which come from the divergent 
graphs. 
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Figure 5: Contributions to the one-loop two-point function of Oi in the double 
line notation. 

if not all, of the supergravity multiparticle (scalar) states. Whether one can construct 
multiparticle states with non-vanishing spin in this way is not immediately clear. The 
point is that BPS short operators like O20 are always scalars. However, we know another 
type of protected operators which can have arbitrary spin [8,9]. It is possible that they, 
together with the BPS operators, play an important role in constructing multiparticle 
states. 

In conclusion, we have studied the dimension 4 scalar quadrilinear operators that 
appear in the SU{4) singlet channel of the OPE between two lowest weight CPOs in 
Af = 4: SYM. At one loop, due to the four-fold degeneracy at the free level, we had 
to diagonalize a 4x4 matrix of two-point functions. We were able to identify the one- 
loop quasiprimary operators, to find their anomalous dimensions and to give explicit 
expressions for them in terms of the elementary superfields. We found that one of the four 
quasiprimary operators is a possible candidate to correspond to a two-particle supergravity 
state, since its anomalous dimension is l/N"^ suppressed with regards to the anomalous 
dimensions of operators that are dual to string modes. We pointed out that the special 
structure of the operator Oi is connected to the mechanism responsible for such a 
suppression. Curiously, the free conformal OPE seems to provide the explicit expression 
for the quasiprimary operator dual to the two-particle supergravity state, to leading order 
in A^. 

Although our results are one-loop and restricted to the simplest scalar quadrilinear 
operators, we believe that the general pattern we sketched remains valid both at higher 
loops as well as for non-scalar quadrilinear operators. It would be desirable to extend 
our results to two loops in order to get a clearer picture. The mechanism for the 
suppression that we have revealed affects both planar and non-planar graphs. It seems 
therefore possible that non-planar graphs survive in the supergravity limit and play an 
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important role in the formation of multiparticle supergravity states. It would be inter- 
esting to understand better the strong coupling supergravity limit that seems to be more 
complicated than initially thought, in order to resolve the puzzle of the multiparticle 
supergravity states. 

We have discussed the general approach to solve the mixing and splitting of operators. 
Our strategy works in any CFT and can be applied to the study of composite operators 
in a variety of cases, such as A/" = 2 and A/" = 1 superconformal theories, as well as in 
studies of multitrace operators in the pp-wave limit. 

Note added When our paper was ready for submission to the e-archive, we noticed 
a new paper [41] were the operator mixing problem is discussed for scalar operators of 
approximate dimension 4 but belonging to the 20 of SU{4). Our operators are SU{4) 
singlets. 

Note added in proof In addition to the four linearly independent operators that we 
considered in the text, Eq. (4.1), there exist two more operators with the same quantum 
numbers (apart from fermionic operators which do not contribute to the two-point func- 
tions at level 0(A)). Their lowest components are Tr[Df,(p^ D^'(f)^] and Tr[Ff,^F^"']. The 
first of them is the leading term in the conformal descendant of the Konishi scalar OK, 
and a combination of the two is the leading term in the M — 4 SYM Lagrangian which 
belongs to a protected multiplet. Hence, these operators can be identified as pure states. 
In addition, at tree level they are orthogonal to all four operators in Eq. (4.1). Then it is 
easy to see that their presence can only modify the one-loop pure state operators in Eq. 
(B.9) by terms of order 0(A) which are beyond the scope of this work. 
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A Four-point functions and the OPE 

Here we recall the relevant facts about conformal partial wave expansions required to 
carry out an independent verification of our results at the OPE level (see [20,21,30] for 
details) and show how to extract some information about the quasiprimary operators Sj 
encoded in the two-loop four-point function of 02o^. 

Every irreducible representation of the R symmetry algebra in the tensor product 
decomposition (2.2) appears in the OPE of ©20^ as an infinite tower of operators Oa,i, 
where A is the conformal dimension and I is the Lorentz spin. We are interested only in 
the singlet R symmetry channel for which the corresponding contribution to the four-point 
function can be viewed as an expansion of the type 

F = {0^^{xM^\x2)0^o''{xs)O^J'{x,)) = J] AA,;7iA,K^i,^2,a;3,a;4) . (A.l) 

A,l 

Here Ti-Adi^i, X2, x^, X4) is the canonically normalized conformal partial wave amplitude 
(CPWA) representing the individual contribution (exchange) of an operator Oa,i and Aa,i 
is a normahzation coefficient. We treat the CPWA as a double series of the type 

HaA^i, ^2, xs, X,) = ^^y^'^ ' 

where Y — 1 — {x\^x\^ / {x\4;x\^ is the other conformally invariant cross-ratio. In par- 
ticular, the CPWA of a scalar and of a second-rank tensor have the following leading 
terms 

7iA,o(x„x„X3,X4) = -A^.f (1 + + 16(A -t)(A + 1) " + • • • ) ^^-'^ 

nA,2{XuX2,X,,X,) = ^l^^;(A-2)/2Ay2_l (^.4) 
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Assuming that the dimension A takes the form A = Aq + 7, where 7 is the one-loop 
anomalous dimension, we see that the non-analytic term v^l"^ gives rise to the logarithmic 
terms of perturbation theory: 

^7/2 ^ ;l + l/27lnv + l/87Mn% + ... (A.5) 

Thus, comparing the analytic terms in (A. 3) and (A. 4) against the ones in a concrete 
four-point function allows one to identify the canonical dimensions and spins of the con- 
tributing operators, while the logarithmic terms store the information about their anoma- 
lous dimensions. Let us see how this works for our operators Ej of canonical dimension 
Ao = 4. 

The operator with the lowest canonical dimension contributing to the OPE of two 
operators is the Konishi scalar Kg. Among the operators with Aq = 4 one finds the 
stress-energy tensor T, the Konishi tensor Kt^ a new superconformal primary operator S 
and finally the operators Ej [21]. The operators Kg., Kt and S are from the X-class dis- 
cussed in the Introduction and the stress-energy tensor is protected. Thus, schematically 
we may write 

4 

OkoO^^ = X, + Xt + S + r + ^Ei + higher dim . (A.6) 

i=l 

Our quasiprimary operators Ej are Lorentz scalars with Aq = 4 and, as is clear from 
(A. 3), the lowest-power monomial occurring in their CPWAs is v"^. Hence, looking for 
the coefficients of v^, v'^Xnv and f^ln^f allows us to read off some information about 
their normalization coefficients Ai and anomalous dimensions 7^. One should bear in 
mind, however, that in principle the coefficients of the above mentioned structures receive 
contributions from all operators participating in (A.6). Thus, expanding Eq. (A.l) in 
powers of 7 up to the second order, we find (only the relevant terms are indicated) 



^2 



4 4 
^12^34 



A + -Ak - -Ak, - -A^ - -Aj 
/-^ ' 6 4 4 " 4 

\i=l 

+ \^'^''{Y. ^^^^ + \^^slK, - \Ak,1k, - \a^1^ (A.7) 
1/4 ^ ^ ^ ^ 

where we have also taken into account that the stress-energy tensor is protected. 

Since in the large iV limit the normalization coefficients and anomalous dimensions of 
all operators in (A.6) except Ej are already known (see e.g. [30]): 

_4 ._16 ._16 

^^.-3^, ^i^*-^' -~35A^' ^^-45A^' ^^-^^ 
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and 
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IK, = iKt = 3A , 7s = —A (A.9) 



one can substitute these quantities^° in (A. 7). 

The CPWA expansion (leading in 1/iV^) of the four point function of the operators 
O^^ up to two loops was constructed in Ref. [30]. Thus, the part of this four-point 
function relevant to our analysis can be extracted from Ref. [30] and it reads 



4 4 
•''12-^14 



-(1 + ^1 -^Xlnv + ^XHn^v 
10 V 3iV2 y 5A^2 ^ 45^2 



(A.IO) 



Finally, comparing eq. (A. 7) (with (A. 8) and (A.9) inserted) and eq. (A.IO), we obtain 
the following set of equations for the normalization constants and the one-loop anomalous 
dimensions of the operators Sj in leading order in 1/N'^: 

i=l ^ ' 1=1 1=1 

It remains to note that for canonically normalized operators Ej the coefficients Ai coincide 
with the square of the normalization coefficient of their three-point function with two O2o- 
As a consequence, we obtain the consistency conditions (3.25)-(3.27) on the diagonaliza- 
tion coefficients af = g^'^Ai in (3.24). They were used in Section 5 to verify the agreement 
of our findings with the OPE structure implied by one- and two-loop four-point functions 
of CPOs. 



B Diagonalization procedure 



The four operators defined in (4.1) are not orthonormal at tree level. In fact, by computing 
their two-point functions (for simplicity we are now restricting our attention to the lowest 
components) we find 



(47r2) 



(^2\4: 



(B.l) 



where 



dj = 3{N^ - 1) 



■ 7N^+2 
2 

N 

9Af^-16 
2N 



2(3iV2 - 2) 

2(Af^-4) 
N 

N 



N 

2{N^-4) 
N 

3N*-8N^+24: 

N^-16N^+48 
2iV2 



9Ar2-16 

2N 
7N^-8 
N 

-16Af2+48 



2Ar2 
7N'^-32N^+96 
4JV2 



:b.2) 



The diagonal 2x2 matrices are leading order in N plus corrections order and 
whereas the off-diagonal matrices contain only subleading contributions order and 

^"^One can see that both combinations ^Ak^ — jA.Kt — j^h — j^t and ^Ak^'Jk^ — jAxt^Kt — j^hIh 



in fact vanish. 
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Therefore, at leading order in N the double trace operators Ai, A2 do not mix with the 
single traces ^3 and A4, and a block diagonalization allows to easily obtain an orthogonal 
basis. A possible choice might be (^1 — |«42), A2, {A3 — ^A4) and A4. 

At order -j^, keeping contributions from the matrix (B.2) up to this order, we can 
define the orthonormal basis 




Ao- 



) 

1 

N 



-^3 + 3^)+^ 



Ai - -A2 



2 1 / 12 
.A3 - - A + ^ M2 - 



■ 1 . 5 

" iV-^^ + 2A^ 



^3 - ^ A 



which satisfies 



(0,(x)O,(O))o = 



Sij + o 



1 



(B.3) 



(B.4) 



(47r2)4 (^2)4 

This is the basis we are going to use in order to solve the mixing problem at one-loop. 

We now move to the one-loop calculation. As explain in the main text, divergent 
contributions arise in all the two-point functions between any pair of operators Ai, . . . , A4 
given in (4.7). Using Mathematica we can then compute 

1 UJij 1 



{Aix)Ajm^ 



:b.5) 



where 



( 



\ 



-2A^2 ^ Y?> 
-6(2iV2 + 7) 

21jV^+16 
N 

53Ar^-32 
2N 



-6(2A^2 + 7) 
-12(6A^2 ^ 1) 

6(Af^+16) 



N 

3(33Ar^- 



32) 



21jV^+16 
N 

6(Ar^+16) 
N 

lljV'*-96Ar2+128 
3iV4+112Ar2-256 



53Af^-32 
2N 
3(33jV^-32) 
Af 

3Ar''+112jV^-256 
59Ar4-647V2+512 



TV 



2Af2 



4Af2 



/ 

:b.6) 

is the anomalous dimensions matrix. It is not diagonal since there is mixing among the 
operators. We then face the problem to solve the mixing perturbatively in for large 
A^. We will determine the anomalous dimensions up to order and the corresponding 
quasiprimary operators up to j^. 

First of all, we have to diagonalize the matrix of the two-point functions at tree level. 
The new basis, up to the order we are interested in, is given in (B.3). On this basis the 
matrix cu is given by 



cu — X 













\ 









6 








+ 










16 


4a/5 




7 


7 






u 





4^5 
7 


59 I 
14 ^ 





1 

TV 



/ 


-4 






_ 15 
2 



-4 






-\/5\ 



15 
2 








27 



+ 



7V2 



/ -4 2^5 

2v/5 -10 



V 







431 
49 

215V5 
98 



\ 



215V5 



98 
255 
49 



+ 



ATS 



(B.7) 



from which it is clear that we have a zero eigenvalue at leading order in N. 
Again by using Mathematica we have computed its eigenvalues up to order 



71 = -10 



A 



73 



74 



13 + x/4l 



72 



4 

13 - ViT 



41A^2 

5 

Aim 



A 



(41 + 19V41) 
(41 - 19^41) 



A 



(B.8) 



and the corresponding eigenvectors 



S3 = 



16iV2 J 

45 \ 

4iV2 



+ 4iV^=^"l2iV^^^ + ^liV^ 



'287- 27V41 
574 



03 + 2I±Z^o, 



' 287 + 27V41 
574 



O3 + 



16^5 

27-7^41 
16v^ 



4iV 
/42 



+ 



AN 



(B.9) 



These are one-loop quasiprimary operators with anomalous dimensions 7j. They are 
uniquely defined, because the anomalous dimensions are all different (cf.. the general 
discussion in Section 3.2). At this order these operators satisfy 



(E,(x)E,(0))o+i 



2M (^2\A°''i 



(47r2)4 (x 



l-7iln(a;V) + C' 



(B.IO) 



up to a finite renormalization constant which we have not considered. 

Inverting eq. (B.9) we can express the operator Oi in terms of pure states 



Ol = Si - [agEa + Q!4E4] + 



21 3^5^ 

El + -^Eo 

16 ^ 4 ^ 



fB.lll 
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where 



as 



27-7V4T /I 



a4 — 



64 

27 + 7^41 



27 



10 70V4T 



64 



'42 — 



27 



10 70V4T 



:b.i2) 



Similarly, from (B.3) and (B.9) we can determine the (normalized) operator A2, which 
we call /C^, in terms of pure states 



18JV2 



6 7 



(B.13) 



where 



P4 



4592 
287 - 85^41 
4592 



861 - 81V41 



(B.14) 
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